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Abstract An ordinary state-based peridynamic model is developed for transient fully coupled thermoelastic
problems. By adopting an integral form instead of spatial derivatives in the equation of motion, the developed
model is still valid at discontinuities. In addition, the ordinary state-based peridynamic model eliminates the
limitation on Poisson’s ratio which exists in bond-based peridynamics. Interactions between thermal and struc-
tural responses are also considered by including the coupling terms in the formulations. These formulations
are also cast into their non-dimensional forms. Validation of the new model is conducted by solving some
benchmark problems and comparing them with other numerical solutions. Thin plate and block under shock-
loading conditions are investigated. Good agreements are obtained by comparing the thermal and mechanical
responses with those obtained from boundary element method and finite element solutions. Subsequently, a
three-point bending test simulation is conducted by allowing crack propagation. Then a crack propagation for
a plate with a pre-existing crack is investigated under pressure shock-loading condition. Finally, a numerical
simulation based on the Kalthoff experiment is conducted in a fully coupled manner. The crack propaga-
tion processes and the temperature evolutions are presented. In conclusion, the present model is suitable for
modelling thermoelastic problems in which discontinuities exist and coupling effects cannot be neglected.
Keywords State-based peridynamics · Fully coupled · Thermoelasticity · Crack propagation
List of symbols
A Cross-sectional area for one-dimensional problems
(
m2
)
cv Specific heat capacity under constant volume [J/(kg K)]
E Young’s modulus (Pa)
Gc Critical energy release rate
(
J/m2
)
h Thickness for two-dimensional problems (m)
Kθ Bulk modulus (GPa)
kT Thermal conductivity [W/(mK)]
u (x, t) Displacement of point x at time t (m)
u˙ (x, t) Velocity of point x at time t (m/s)
u¨ (x, t) Acceleration of point x at time t
(
m/s2
)
ux (x, t) Scalar value of horizontal displacement of point x at time t (m)
α Linear thermal expansion coefficient
(
K−1
)
βcl Thermal modulus in classical mechanics (Pa/K)
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0 Reference temperature (K)
λ, μ Lamé constants (GPa)
ν Poisson’s ratio
ρ Density
(
kg/m3
)
V ′ Volume of point x′
(
m3
)
(x, t) Absolute temperature of point x at time t (K)
T (x, t) Temperature change of point x at time t (K)
T˙ (x, t) Time rate of temperature change of point x at time t (K/s)
uy (x, t) Scalar value of vertical displacement of point x at time t (m)
1 Introduction
Due to the development of aerospace and mechanical industries in recent years, mechanical and thermal shock
loadings become typical and important loading types. For example, the gas turbine engine casing of an aircraft
can experience a temperature rise as high as 1700 ◦C within the extremely short period [1]. In the analyses with
such loading conditions, the thermomechanical coupling effects often play a crucial role and as a consequence
they should be considered both in thermal and in structural fields [2]. Not only the effect of temperature on
deformation, but also the effect of deformation on temperature field is non-negligible. Therefore, fully coupled
thermoelasticity analyses are necessary when dealing with such types of problems.
The basic theory of linear coupled thermoelasticity is well understood and fully developed for many
years. Biot [3] first introduced a coupling item in heat conduction equation to solve the coupled problem of
thermoelasticity. Later, Herrmann [4] generalized Biot’s principle to a three-dimensional anisotropic body.
Recently, Jabbari et al. [5,6] gave exact equations for classical coupled thermoelasticity in cylindrical and
spherical coordinates. Although some analytical solutions are provided for some simple problems, many
complex problems have not been completely solved with analytical methods [7]. Therefore, numerical methods
such as finite element method (FEM) and boundary element method (BEM) have been widely applied to get
approximate solutions [8]. For example, Cannarozzi and Ubertini [9] conducted FEM analyses for linear
coupled quasi-static thermoelastic problems with a mixed variation method. Displacement and temperature
acted as primary variables in their research. On the other hand, stress and heat flux acted as dual variables
which were also involved directly in their analysis. Tehrani and Eslami [10] studied the coupling coefficients
and relaxation time effects on thermal and elastic wave motion by using BEM. When fracture is involved in
the fully coupled analyses, temperature distribution around the crack tips becomes a major concern. The high
energy concentration around a moving crack produces high amount of heat energy and results in unneglectable
temperature increase. Atkinson and Craster [11] deduced some simple and asymptotic temperature distributions
for the region near crack tips during crack propagation. Weichert and Schönert [12] investigated the temperature
near the crack tips in brittle materials with very small plastic zones and high crack velocities. The crack tips
were simulated as heat generation sources, and consequently, the temperature distributions were predicted.
Experimental study conducted by Bhalla et al. [13] estimated the temperature distribution near the crack tips.
A temperature increase was observed in their experiments. Miehe et al. [14] presented a continuum phase-field
model for brittle fracture in thermoelasticity. A bending numerical simulation test considering the crack growth
and dissipative heat generation was provided, and its corresponding temperature field was discussed.
When discontinuity is involved in thermoelastic problems, the aforementioned numerical simulation meth-
ods based on the classical mechanic theory predict unbounded stresses and energy densities. Even for linear
elastic fracture mechanics (LEFM) and dislocation dynamics, supplemental constitutive equations are needed
to determine the motion of a dislocation. On the contrary, peridynamics (PD) [15–20] is a non-local theory that
includes damage as part of the material response. The formulation in peridynamics is in an integral-differential
form, instead of spatial derivation equations in classical continuum mechanics. As a consequence, the PD
equations still remain valid where crack or discontinues merge [22]. Therefore, PD theory is especially suit-
able for problems with discontinues; thus, it is adopted in this paper. The crack nucleation and propagation
have been investigated by many researchers in the realm of PD theory [23–38], but most of them are only in
mechanical field. In thermal field, Oterkus et al. [39] derived the formulation of thermal diffusion with PD
theory and utilized it to capture the fuel pellet cracking [40]. Bobaru and Duangpanya [41,42] studied the heat
conduction in bodies with and without discontinuities in bond-based PD theory. In regard to the thermome-
chanics, fully coupled bond-based PD theory was formulated by Oterkus et al. [43], Oterkus [44], Madenci and
Oterkus [45]. Further, they successfully applied their model to predict crack propagation [46,47]. However, the
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Fig. 1 Domain of interaction for a material point
bond-based PD model is limited to have a fixed Poisson’s ratio, i.e. 1/3 for two-dimensional problems and 1/4
for three-dimensional problems [48]. Considering this constraint, a generalized PD model which eliminates
the aforementioned limitations is necessary for thermomechanical problems.
The purpose of this paper is to develop a PD model overcoming the bond-based PD limitation on material
properties for fully coupled thermoelastic problems. Therefore, ordinary state-based PD theory is employed
and its formulations are derived in the realm of fully coupled thermomechanics. Then both dimensional and
non-dimensional forms of the coupled equations in both deformation and thermal fields are provided and
subsequently validated. Temperature changes and displacements of an isotropic thin plate and a block under
various types of loading conditions are investigated. The validation is conducted via comparing the results with
those from ANSYS and BEM solutions. The remarkable agreement indicates the capability of the proposed
PD model to accurately predict the mechanical and thermal responses in a fully coupled manner. In the final
part of this paper, crack propagation patterns are predicted for three-point bending test, Kalthoff problem. In
addition, crack propagation for a plate with a pre-existing crack subjected to a pressure loading is conducted.
The crack growth paths and temperature distributions are presented, and crack patterns are compared with the
predictions from pure mechanical analysis. Hence, the effect of coupling term on crack growth is estimated
and discussed.
2 Fully coupled peridynamic thermomechanics
The peridynamics falls into the category of non-local theories, i.e. particles interact with each other within
a horizon, δ, as shown in Fig 1. Each material point is identified by its location represented by coordinate
x in an undeformed state. The body region is R, and the interaction domain of material point x is denoted
by Hx. The other material points in Hx, i.e. x′, are called the family members of x. Furthermore, y and y′
represent the positions of x and x′ in a deformed configuration. In the deformed configuration,
(
t − t′
)
is
the force function exerted from point x′ to point x. Similarly,
(
t′ − t
)
is the force function acting at material
point x′ from point x. In bond-based PD theory, the pairwise force functions are equal in magnitude and also
parallel to their relative position in the deformed state, i.e. t//t′ and |t| =
∣∣t′∣∣ [48,49]. Therefore, Poisson’s
ratio is 1/3 for two-dimensional (2D) problems and 1/4 for three-dimensional (3D) problems [15]. On the
other hand, the state-based force functions are still parallel to their relative position in the deformed state,
i.e. t//t′. But they do not have to be equal in magnitude in ordinary state-based PD model, i.e. |t| =
∣∣t′∣∣
or |t| =
∣∣t′∣∣. Thus, ordinary state-based formulation overcomes the limitation on Poisson’s ratio. Hence, in
this study ordinary state-based PD theory is adopted for fully coupled thermoelastic problems. Regarding the
fully coupled thermomechanical analysis, the ordinary state-based PD model has not been explicitly provided,
and only the expression in bond-based theory is available in the published literature [43,44,50]. Therefore,
in this study, ordinary state-based fully coupled PD thermoelastic equations with explicit formulations of PD
parameters are provided. Then these equations are cast into their corresponding non-dimensional forms.
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2.1 Peridynamic thermoelastic formulations
The general form of fully coupled thermoelasticity is provided by Oterkus et al. [43]. The equation of motion
can be shown as
ρu¨(x, t) =
∫
Hx
(
t
(
u′ − u, x′ − x, t
)
− t′
(
u − u′, x − x′, t
))
dV ′ + b (x, t) (1)
The integration on the right-hand side of Eq. (1) represents the total PD force density acting on point x.
Thereby, b (x, t) represents the volumetric body force at material point x. In Eq. (1) t (u′ − u, x′ − x, t) and
t′
(
u − u′, x − x′, t
)
are PD force functions that belong to material point x and x′. The ordinary state-based
expressions for PD force functions are presented as provided in Chapter 4 of [49].
t
(
u′ − u, x′ − x, t
)
=
1
2
B1
y′ − y
|y′ − y|
(2)
and
t′
(
u − u′, x − x′, t
)
= −
1
2
B2
y′ − y
|y′ − y|
(3)
where B1 and B2 are PD auxiliary parameters; those can be defined as
B1 = 4δ
d

|x′ − x|
a (θ − nαT )+ 4δb (s − αT ) (4)
B2 = 4δ
d

|x − x′|
a
(
θ ′ − nαT ′
)
+ 4δb
(
s − αT ′
) (5)
with
n =
{
2
3
for 2D
for 3D (6)
where T represents the temperature change of point x with respect to reference temperature, T = (x, t)−0.
Similarly, T ′ is the temperature change of point x′. The dilatations, θ for point x and θ ′ for point x′, are defined
as
θ =
∫
Hx
dδ (s − αT )
dV ′ + nαT (7a)
θ ′ =
∫
Hx′
dδ (s − αT )
dV + nαT ′ (7b)
The PD bond stretch, s, between material points x and x′ can be defined as
s =
∣∣y′ − y∣∣− ∣∣x′ − x∣∣
|x′ − x|
(8)
The PD auxiliary parameter, 
, is defined as

 =
(
y′ − y
|y′ − y|
)
·
(
x′ − x
|x′ − x|
)
(9)
The relationship between the PD material parameters, i.e. a, b and d , and classical material parameters are
listed as provided in Chapter 4 of [49];
a = 0, b =
E
2Aδ3
, d =
1
2Aδ2
for 1D (10a)
a =
1
2
(Kθ − 2μ) , b =
6μ
πhδ4
, d =
2
πhδ3
for 2D (10b)
a =
1
2
(
Kθ −
5
3
μ
)
, b =
15μ
2πδ5
, d =
9
4πδ4
for 3D (10c)
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The equation of motion for ordinary state-based formulation including the effect of temperature change can
be written as
ρu¨(x, t) =
∫
Hx
[
2δd

|x′ − x|
(
a
(
θ + θ ′
)
− nα
(
T + T ′
))
+ 4δb
(
s − α
(
T + T ′
)
2
)]
y′ − y
|y′ − y|
dV ′ + b (x, t)
(11)
On the other hand, the heat conduction equation in the fully coupled thermomechanical PD model is [43,44]
ρcvT˙ (x, t) =
∫
Hx
(
κ

(
x′, t
)
−(x, t)
|x′ − x|
−0β
(
x′ − x
)
e˙
(
x′ − x
))
dV ′ + hs (x, t) (12)
where hs (x, t) is the rate of heat generation per unit volume. In the above equation, κ is defined as PD
microconductivity with its definitions listed as [37,39,43]
κ =
2kT
Aδ2
for 1D (13a)
κ =
6kT
πhδ3
for 2D (13b)
κ =
6kT
πδ4
for 3D (13c)
The second term in Eq. (12) represents the deformation coupling effect on temperature. The time rate of change
of stretch extension, e˙
(
x′ − x
)
, can be defined as
e˙ =
y′ − y
|y′ − y|
·
(
u˙′ − u˙
) (14)
The physical meaning and theory foundation of the PD thermal modulus are fully discussed by Oterkus et
al. [43]. In this paper, the same derivation approach is adopted. The initial form of the ordinary state PD force
function for point x is shown in Eqs. (2) and (4). In another form, being similar to the derivation conducted by
Oterkus et al. [43], the PD force function can be divided into two parts as [43]
t = k · u − BT (15)
The first part on the right-hand side includes only the structural deformation, and the second part is related
to temperature effect. In Eq. (15), k is called the modulus state [51]; the term BT represents the effects of
thermal state on deformation.
Substituting the expression in Eq. (4) to Eq. (2) PD force function can be obtained as
t
(
u′ − u, x′ − x, t
)
=
[
2δ
d

|x′ − x|
a (θ − nαT )+ 2δb (s − αT )
]
y′ − y
|y′ − y|
(16)
By plugging the dilatation term in Eq. (7a) the PD force function becomes
t
(
u′ − u, x′ − x, t
)
=
⎡
⎢⎣2δ d

|x′ − x|
a
⎛
⎜⎝∫
Hx
dδ (s − αT )
dV ′
⎞
⎟⎠+ 2δb (s − αT )
⎤
⎥⎦ y′ − y
|y′ − y|
(17)
After rewriting the PD force function by splitting into pure mechanical and thermal part Eq. (17) becomes
t =
⎡
⎢⎣
⎛
⎜⎝2aδ2d2

|x′ − x|
∫
Hx
s
dV ′ + 2δbs
⎞
⎟⎠ y′ − y
|y′ − y|
⎤
⎥⎦−
⎡
⎢⎣
⎛
⎜⎝2aδ2d2

|x′ − x|
∫
Hx

dV ′ + 2δb
⎞
⎟⎠(α y′ − y
|y′ − y|
)⎤⎥⎦ T (18)
Y. Gao, S. Oterkus
By comparing Eqs. (15) and (18), local thermal modulus of bond between x and x′ can be obtained as
β =
⎛
⎜⎝2aδ2d2

|x′ − x|
∫
Hx

dV ′ + 2δb
⎞
⎟⎠α (19)
with B = β y
′−y
|y′−y| [43]. Substituting the PD parameters provided in Eq. (10) as
β =
⎛
⎜⎝2 (0) δ
2
(
1
2Aδ2
)2


|x′ − x|
∫
Hx

dV ′ + 2δ
(
E
2Aδ3
)⎞⎟⎠α for 1D (20a)
β =
⎛
⎜⎝2
( 1
2 (Kθ − 2μ)
)
δ2
(
2
πhδ3
)2


|x′ − x|
∫
Hx

dV ′ + 2δ
(
6μ
πhδ4
)⎞⎟⎠α for 2D (20b)
β =
⎛
⎜⎝2
(
1
2
(
Kθ − 53μ
))
δ2
(
9
4πδ4
)2


|x′ − x|
∫
Hx

dV ′ + 2δ
(
15μ
2πδ5
)⎞⎟⎠α for 3D (20c)
Then the explicit forms of the local thermal modulus, β, for different dimensions can be obtained as
β =
Eα
Aδ2
for 1D (21a)
β =
4α
πhδ3
⎛
⎜⎝Kθ − 2μ
πhδ


|x′ − x|
∫
Hx

dV ′ + 3μ
⎞
⎟⎠ for 2D (21b)
β =
3α
πδ4
⎛
⎜⎝ (27Kθ − 45μ)16πδ2 
|x′ − x|
∫
Hx

dV ′ + 5μ
⎞
⎟⎠ for 3D (21c)
Furthermore, if the bond-based restriction, a = 0, is applied as explained in Chapter 4 of [49], Eq. (21) will
reduce to its bond-based form, where βb = 2δbα or βb = 1/2 (cα) with c is the bond-based PD material
constant [43]. The bond-based PD form of thermomechanical formulations is provided in Appendix A.
2.2 Non-dimensional form of peridynamics thermoelastic formulations
The governing equation can be put in a non-dimensional form by using non-dimensional variables [52].
Therefore, the fully coupled PD equations are cast into their non-dimensional forms by adopting the approach
proposed by Sackman [53] and Oterkus et al. [43].
Regarding the heat conduction equation, the diffusivity is defined as the characteristic length/time quantity
γ =
kT
ρcv
=
l∗2
t∗
(22)
For the equation of motion, the characteristic length/time is the elastic wave speed
a˜ =
√
λ+ 2μ
ρ
=
l∗
t∗
(23)
where λ and μ are Lame’s constants. Combining the characteristic length/timescale leads to characteristic
length and time as follows
l∗ = γ /a˜ (24a)
t∗ = γ /a˜2 (24b)
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As explained in [43] following non-dimensional forms can be used
Length-related variables:
x =
γ
a˜
x¯, δ =
γ
a˜
δ¯, A =
(γ
a˜
)2
A¯, V =
(γ
a˜
)3
V¯ (25)
Displacement:
u =
(γ
a˜
) βclθo
(λ+ 2μ)
u¯ (26)
Stretch:
s =
βclθo
(λ+ 2μ)
s¯ (27)
Time:
t =
( γ
a˜2
)
t¯ (28)
Velocity-related variables:
v =
βclθo
(λ+ 2μ)
a˜v¯ and e˙ =
βclθo
(λ+ 2μ)
a˜ ¯˙e (29)
And the temperature:
T = θoT¯ (30)
By using the above non-dimensional parameters and substituting the peridynamic parameters listed in Eqs.
(10), (13) and (21) into Eqs. (11) and (12), the non-dimensional form of the fully coupled equations can be
achieved by utilizing the non-dimensional parameters given in Eqs. (22–30) as 1D analysis
¯˙T =
2
A¯δ¯2
∫
Hx¯
(
T¯ ′ − T¯
|x¯′ − x¯|
− ǫ
¯˙e
2
)
dV¯ ′ + h¯s for 1D (31a)
¯¨u =
2
A¯δ¯2
∫
Hx¯
(
s¯ −
T¯ + T¯ ′
2
)
y¯′ − y¯
|y¯′ − y¯|
dV¯ ′ + b¯ for 1D (31b)
2D analysis
¯˙T =
6
π h¯δ¯3
∫
Hx¯
⎛
⎜⎝ T¯ ′ − T¯
|x¯′ − x¯|
−
ǫ ¯˙e
1 + v
⎡
⎢⎣1 − v + (v − 13
)


π h¯δ¯ |x¯′ − x¯|
∫
Hx¯

dV ′
⎤
⎥⎦
⎞
⎟⎠ dV¯ ′ + h¯s for 2D (32a)
¯¨u =
2
π h¯δ¯3 (1 + v)
∫
Hx¯
[
3v − 1
π h¯δ¯ |x¯′ − x¯|


(
θ¯ + θ¯ ′
)
+6 (1 − v)
(
(1 + v) s¯ −
T¯ + T¯ ′
2
)]
y¯′ − y¯
|y¯′ − y¯|
dV¯ ′ + b¯ for 2D (32b)
with
θ¯ =
∫
Hx¯
[
(1 + v) s¯ − T¯
]

dV¯ ′ for 2D (32c)
3D analysis
¯˙T =
6
πδ¯4
∫
Hx¯
⎛
⎜⎝ T¯ ′ − T¯
|x¯′ − x¯|
−
ǫ ¯˙e
16 (1 + v)
⎡
⎢⎣20 (1 − 2v)+ 27(v − 14
)


|x¯′ − x¯|πδ¯2
∫
Hx¯

dV ′
⎤
⎥⎦
⎞
⎟⎠dV¯ ′ + h¯s for 3D (33a)
¯¨u =
3
(1 + v) πδ¯4
∫
Hx
[
27
8
(
v −
1
4
)


(
θ¯ + θ¯ ′
)
πδ¯2
∣∣ξ¯∣∣
+5 (1 − 2v)
(
1 + v
1 − v
s¯ −
T¯ + T¯ ′
2
)]
y¯′ − y¯
|y¯′ − y¯|
dV¯ ′ + b¯ for 3D (33b)
Y. Gao, S. Oterkus
with
θ¯ =
∫
Hx¯
(
1 + v
1 − v
s¯ − T¯
)

dV¯ ′ for 3D (33c)
In the above equations, the non-dimensional variables are denoted with an over score. The parameters ¯˙T and
¯˙T
′
are the rate of temperature changes at material point x¯ and x¯′, respectively. The non-dimensional coupling
coefficient, ǫ, measures the strength of coupling effect on temperature distribution due to deformation. It can
be defined as [43]
ǫ =
β2cl0
ρcv (λ+ 2μ)
(34)
2.3 Peridynamic failure criteria
Since PD equations are formulated without any spatial derivatives, PD theory is suitable to be applied for
failure prediction. Once the stretch between material points exceeds the critical stretch value, sc, the bond will
be broken and will be removed permanently. At the same time, the force between these two points becomes
zero. The critical stretch value for bond failure is related to the critical energy release rate Gc as provided in
Chapter 6 of [49];
sc =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
√
Gc(
3μ+
(
3
4
)4
(Kθ−2μ)
)
δ
for 3D
√
Gc(
6
π
μ+ 16
9π2
(Kθ−2μ)
)
δ
for 2D
(35)
A history-dependent damage function χ
(
x, x′, t
)
is implemented for each interaction between the material
points. The value of the function χ
(
x, x′, t
)
will be set to be zero when the bond is broken.
χ
(
x, x′, t
)
=
⎧⎨
⎩
1,
(
s − α T+T
′
2
)
< sc
0,
(
s − α T+T
′
2
)
≥ sc
(36)
The local damage at a point represents the weighted ratio of the number of the broken interactions to the total
number of interaction. Therefore, crack propagation path can be presented by the local damage value as [48];
ϕ (x, t) = 1 −
∫
Hx
χ
(
x, x′, t
)
dV ′
∫
Hx
dV ′
(37)
2.4 Numerical implementation
The developed PD thermomechanical model is discretized for numerical implementation. Thus, the discretized
form of equation of motion provided in Eq. (11) can be written as
ρu¨(xi , t) =
⎛
⎝ Ni∑
j=1
[
2δd
∣∣x j − xi ∣∣
(
a
(
θi + θ j
)
− nα
(
Ti + T j
))
+ 4δb
(
si j − α
(
Ti + T j
)
2
)]
y j − yi∣∣y j − yi ∣∣V j
⎞
⎠
+b (xi , t) (38)
where i represents the point of interest, and j represents the family members of point i .
The discretized form of dilatation provided in Eq. (7a) becomes
θi =
⎛
⎝ Ni∑
j=1
dδ
(
si j − αTi
)

V j
⎞
⎠+ nαTi (39)
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Here, Ni represents the number of family members for point i .
On the other hand, the discretized form heat equation provided in Eq. (12) can be written as
ρcvT˙ (xi , t) =
⎛
⎝ Ni∑
j=1
(
κ

(
x j , t
)
−(xi , t)∣∣x j − xi ∣∣ −0β
(
x j − xi
)
e˙
(
x j − xi
))
V j
⎞
⎠+ hs (xi , t) (40)
The local damage at point i provided in Eq.(37) can be written as [49]
ϕ (xi , t) = 1 −
∑Ni
j=1 χ
(
xi , x j , t
)
V j∑Ni
j=1 V j
(41)
Explicit time integration is used to find the temperature, velocity and displacement profile at each time step [43,
49]. The numerical procedure is provided in Fig. 2. In Fig. 2, Nt represents the total number of time step, n
represents the current number of the time step, and Nnode represents the total number of PD points.
3 Numerical results for verification problems
In this section, peridynamic simulations are conducted by using the proposed model. The validity of the
fully coupled thermomechanical equations is established by comparing the PD solutions with previously
considered BEM and ANSYS solutions. Firstly, a dimensionless isotropic plate is imposed with three types
of loadings, i.e. pressure shock loading, thermal shock loading and their combination. The results from PD
solution are in agreement with the ones from an existing BEM solution. As a next verification problem, a
block is investigated with a temperature boundary condition. Good agreements are obtained by comparing
with PD and ANSYS solutions. Hence, the non-dimensional form of the equations is validated for both two-
and three-dimensional problems. Secondly, a dimensional isotropic square plate is separately subjected to a
tension pressure shock loading and a combination of compression and tension pressure shock loading. The
temperature and displacement responses from PD solution coincide very well with ANSYS solution. Thus,
present PD model is thus validated via these numerical simulations.
Subsequently, proposed model is further employed for failure prediction including fully coupled analysis.
A plate with a pre-existing crack is studied under a pressure shock-loading condition. The temperature and
structural responses without crack propagation are verified against ANSYS solution. Then, the crack propa-
gation is simulated and its path is compared with the one from pure mechanical simulation. In this way, the
coupling term effect on crack propagation is estimated and analysed.
3.1 Plate subjected to shock loading
The validity of the non-dimensional thermoelastic PD equations for 2D problems is established by constructing
PD solutions for an existing BEM solution provided by Hosseini-Tehrani and Eslami [54]. The same geometry
model, boundary conditions and loading conditions are adopted as in [54]. As shown in Fig. 3, a thin plate with
a non-dimensional geometry L¯ = 10, W¯ = 10 and thickness h¯ = 1 is subject to a shock loading on the edge
of x¯ = −L¯/2 and fixed on the edge of x¯ = L¯/2. The edges of y¯ = W¯/2 and y¯ = −W¯/2 are traction free.
Furthermore, at x¯ = −L¯/2 the plate is subjected to temperature boundary condition and all other three edges
are insulated. The Poisson’s ratio is set to be 0.17. Regarding the PD discretization, the grid size is x = 0.05
and the horizon size is chosen as δ = 3.015x . The uniform time step size is 5.0× 10−4 with total simulation
time t¯total = 6. The boundary condition is implemented by using fictitious layers [43,44]. The applied loads
are implemented on real boundary layer [49]. Since there is no heat source in this simulation case, h¯s = 0.
The initial conditions are:
u¯ x¯
(
x¯, y¯, t¯ = 0
)
= u¯ y¯
(
x¯, y¯, t¯ = 0
)
= 0 (42a)
T¯
(
x¯, y¯, t¯ = 0
)
= 0 (42b)
with u¯ x¯ and u¯ y¯ representing the non-dimensional displacement components in the x and y directions, respec-
tively.
The shock-loading conditions are:
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Fig. 2 Flow chart for the numerical procedure
Loading 1: Pressure shock
P¯
(
x¯ = −L¯/2, y¯, t¯
)
= 5t¯ e−2t¯ (43a)
T¯
(
x¯ = −L¯/2, y¯, t¯
)
= 0 (43b)
Loading 2: Thermal shock
P¯
(
x¯ = −L¯/2, y¯, t¯
)
= 0 (44a)
T¯
(
x¯ = −L¯/2, y¯, t¯
)
= 5t¯ e−2t¯ (44b)
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Fig. 3 A thin plate subjected to shock-loading conditions
Loading 3: Combined pressure and thermal shock
P¯
(
x¯ = −L¯/2, y¯, t¯
)
= 5t¯ e−2t¯ (45a)
T¯
(
x¯ = −L¯/2, y¯, t¯
)
= 5t¯ e−2t¯ (45b)
where t¯ represents the non-dimensional time. The applied pressure load is in the positive x direction, as
illustrated in Fig. 3.
Figures 4, 5 and 6 provide the thermal and mechanical responses at t¯ = 3 and t¯ = 6 along the horizontal
centreline of the plate for 3 different loading conditions. The coupling coefficient ǫ = 0 represents the
uncoupled case, where the effect of deformation on temperature field is ignored. Figure 4a represents the
temperature distribution when the plate is subjected to pure pressure shock loading (loading condition 1). As it
can be seen from the figure, when ǫ = 0 no temperature change is observed. On the other hand, when ǫ = 0.1
both temperature drop and temperature rise are observed, which are induced by the applied pressure shock due
to coupling effect. The magnitude of the temperature change is relatively small, within the range between -0.02
and 0.05. As the time progresses, the peak position of the temperature distribution moves towards the positive
x direction. Figure 4b represents the dimensionless axial displacement along the horizontal centreline at t¯ = 3
and t¯ = 6. The wave fronts at these two time points are clearly observed. There are slight differences between
the displacement predictions from the coupled and uncoupled cases. As the time progresses, the difference
becomes larger. Therefore, it could be inferred that due to coupling effect, the temperature change induced
by deformation does affect the deformation. The same conclusion is obtained from the simulation cases with
loading condition 2 as can be seen from Fig. 5. Due to the heating effect by the applied thermal loading, the
plate experiences an expansion state. Subsequently, the tension loading creates a cooling effect. Therefore,
when compared with the uncoupled case, relatively lower temperature change is observed in coupled case.
Consequently, the lower temperature change gives rise to a smaller deformation response. This conclusion can
also be applied loading condition 3, which results are presented in Fig. 6.
In conclusion, good agreements are obtained for three types of loadings. For both the thermal and mechan-
ical fields, the results from ordinary state-based PD predictions agree well with those from BEM solutions
obtained by Hosseini-Tehrani and Eslami [54]. Therefore, via these numerical simulations, the present non-
dimensional PD model is validated for 2D problems.
3.2 Plate subjected to pressure loading
Thermal and deformation responses of a square plate under two types of pressure shocks are analysed. The
geometry dimensions of the plate are L = W = 0.1 m, with the thickness being 0.001 m. The material is
chosen as carbon steel, and its material properties are given as: elastic modulus E = 200 GPa, Poisson’s
ratio ν = 0.17, thermal expansion coefficient α = 11.5 × 10−6 K−1, density ρ = 7870 kg/m3, specific heat
capacity cv = 472 J/ (kgK) and thermal conductivity kT = 51.9 W/ (mK). The reference temperature is
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Fig. 4 Comparison of BEM method [54] and PD solutions a temperature change distributions, b displacements along the horizontal
centreline of the plate for loading condition 1
0 = 285 K. The grid size is x = 0.0005 m, and the horizon size is chosen as δ = 3.015x . The time step
size is 0.001 µs with total simulation time8 µs. On the other hand, directly coupled plane element PLANE 223
is utilized in the ANSYS model. The number of nodes 80 × 80 and time step size is 0.16 µs for the ANSYS
model.
The initial conditions are:
ux (x, y, t = 0) = u y (x, y, t = 0) = 0 (46a)
T (x, y, t = 0) = 0 (46b)
The shock-loading conditions are:
Loading 1:
P (x = −L/2, y, t) = −1020t2 Pa (47)
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Fig. 5 Comparison of BEM method [54] and PD solutions a temperature change distributions, b displacements along the horizontal
centreline of the plate for loading condition 2
Loading 2:
P (x = −L/2, y, t) = 109 sin
(π
2
t × 106
)
Pa (48)
Figures 7 and 8 provide the temperature and deformation responses along the horizontal centreline of the plate
under two loading conditions. Since only the mechanical loadings are applied, the temperature changes are
induced due to coupling term in the heat flow equation. As shown in Figs. 7a and 8a, there is a remarkable
agreement between PD and ANSYS solutions. When the plate is subjected to loading condition 1, temperature
drop is observed due to tension loading as it can be seen from Fig. 7a. As the time progresses, temperature
change increases to a final value of 6.5 K. When the plate is subjected to loading condition 2, temperature
increases where there is local compression and temperature drops where there is local tension.
Under both loading conditions displacement fields obtained from PD and ANSYS simulations match very
well. Furthermore, it should be noted that even though the carbon steel has a relatively small coupling coeffi-
cient, i.e. ǫ = 0.002861, the generated temperature change due to mechanical shock loading is considerable.
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Fig. 6 Comparison of BEM method [54] and PD solutions a Temperature change distributions, b displacements along the
horizontal centreline of the plate for loading condition 3
Therefore, if large strain rate exists, i.e. shock loading is applied, fully coupled thermomechanical analysis
should be taken into consideration.
3.3 Block subjected to thermal loading
In order to validate the proposed PD model for 3D problems, a block subjected to temperature boundary
condition is investigated. As shown in Fig. 9, the dimensionless length, width and height of the block are 5,
0.15 and 0.15, respectively. The Poisson’s ratio is set as 0.33, and the coupling coefficient is 1.0. Regarding the
PD model, the grid size is x = 0.0125 and the horizon is chosen as δ = 3.015x . The integration time step
size is π/4 × 10−4, and the total simulation time is π . On the other hand, directly coupled solid element-type
SOLID 226 is adopted with mesh size of 0.05 and time step size of 0.02π in ANSYS model.
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Fig. 7 Comparison of ANSYS and PD solutions a temperature change distributions, b displacements along the horizontal
centreline of the plate for loading condition 1
The block is clamped at x = L¯ . The block is gradually heated at x = 0, and all other surfaces are insulated.
The temperature boundary condition is defined as T¯ = sin(t¯), where t¯ is the dimensionless time. Fictitious
layer is used to implement the boundary conditions [43].
The temperature distributions and horizontal displacements along the line of y = W¯/2 and z = H¯/2 are
presented in Fig. 10a and b at dimensionless time of t¯ = π/4, π/2, 3π/4, π , respectively. The results which
are obtained from ANSYS solutions are also provided for comparison. It could be seen that both the temperature
and displacement distributions match very well, indicating the capability of the derived PD formulations to
accurately predict the thermal and mechanical responses for three-dimensional problems.
Derived formulations and explicit expressions of PD parameters including their dimensional and non-
dimensional forms are validated through these numerical simulations.
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Fig. 8 Comparison of ANSYS and PD solutions a temperature change distributions, b displacements along the horizontal
centreline of the plate for loading condition 2
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Fig. 9 Block under thermal loading
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Fig. 10 Comparison of ANSYS and PD solutions a temperature change distributions, b horizontal displacements along the
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4 Numerical results for damage prediction
Peridynamics is a reformulation of classical equations that is better suited for modelling bodies with discon-
tinuities. Therefore, analyses involving cracks are considered in this study by using the developed PD model.
First, a three-point bending test is considered to predict the temperature distribution and deformed shape. Then
a plate with a pre-existing central crack subjected to a pressure shock-loading condition is investigated. The
temperature distributions and crack propagation paths are investigated. In addition, the crack propagation paths
without considering coupling terms are also predicted for comparison. Finally, a numerical simulation based
on Kalthoff experiment [55] is carried out. The crack path predicted by PD model is compared with the result
of the experiment.
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Fig. 11 Geometry of three-point bending test
4.1 Three-point bending simulation
Three-point bending test of a simply supported beam is simulated under prescribed displacement condition as
illustrated in Fig. 11. The origin of the coordinate system is located in the middle of the beam. The material
properties are related to rubber like material, shear modulus is 1 MPa, Poisson’s ratio ν = 0.45, thermal
expansion coefficient α = 1×10−3 K−1, thermal conductivity kT = 0.1 W/ (mK), density ρ = 906.5 kg/m3,
specific heat capacity cv = 1103.14 J/ (kgK) [56]. The critical stretch value is sc = 0.1724. The reference
temperature is 0 = 293 K. The dimensions of the beam are L = 40 mm, W = 10 mm, and thickness h =
0.5 mm. A pre-existing crack with length being a = 1 mm is located in the middle of the beam at y = −W/2.
The supports are placed b = 4 mm inwards from the outer edges. A prescribed displacement applied in the
middle of beam at y = W/2. The prescribed displacement at y = W/2 is set to be u = (t/ttotal) umax, where
ttotal is the total simulation time, ttotal = 0.01 s and umax = 6 mm. The uniform PD grid size is x = 0.5 mm,
and the horizon is δ = 3.015x . The time step size is 1×10−6 s, and the total simulation time is ttotal = 0.01 s.
Figures 12 and 13 present the damage plot and corresponding temperature distributions at t = 0.007 s and
t = 0.01 s. It can be observed from Figs. 12a and 13a that the initial crack grows in the vertical direction.
Figures 12b and 13b present the corresponding temperature distributions. As expected, temperature rise is
observed where local compression is expected and temperature drop is observed near the crack surfaces where
there is local tension.
4.2 Plate with a pre-existing central crack subjected to pressure shock loading
Based on the previous example in Sect. 3.2, damage propagation is predicted for a plate with pre-existing crack
of length 0.02 m, as shown in Fig. 14. The geometry, material properties and boundary condition are identical
to the those in Sect. 3.2.
The pressure shock loading is specified as
P (t) =
{
−1 × 1014t (Pa) , t < t0
−1 × 1014t0 (Pa) , t > t0
(49)
where t0 = 8 µs. The total node number in x or y direction for PD model is set to be 500 with a grid size
of 0.2 mm. Thus, the critical stretch value sc is calculated as 0.0213 with Gc being 42320 J/m2. The horizon
is δ = 3.015x . The time step size is set as 10−9 s, and the total simulation time is 30 µs. On the other
hand, directly coupled plane element-type PLANE223 is applied in the ANSYS model with the grid size of
x = 0.00125 and time step size of 0.6 µs.
In order to better understand the existence of crack surface on the temperature and deformation field,
initially failure is not allowed. The horizontal displacement predictions at different time steps are shown in
Figs. 15, 16 and 17. It is observed that the peridynamic results coincide very well with ANSYS solutions.
The displacement distribution along x-axis propagates uniformly in the vertical direction before the elastic
wave reaches the crack, as shown in Fig. 15. After the elastic wave reaches the crack surface, displacements
become non-uniform due to the discontinuity of the displacements along the crack surface as it can be seen
from Figs. 16 and 17.
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Fig. 12 a Damage plot and b temperature change (K) in deformed configuration at t = 0.007 s (displacement scale factor is 1)
Fig. 13 a Damage plot and b temperature change (K) in deformed configuration at t = 0.01 s (displacement scale factor is 1)
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Fig. 14 An isotropic plate with a pre-existing central crack under pressure shock loading
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Fig. 15 Horizontal displacements (m) a ANSYS and b PD results at t = 7 µs
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Fig. 16 Horizontal displacements (m) a ANSYS and b PD results at t = 15 µs
Ordinary state-based peridynamic modelling for fully coupled thermoelastic problems
(a) (b)
-5.680E-04
-4.975E-04
-4.270E-04
-3.565E-04
-2.861E-04
-2.156E-04
-1.451E-04
-7.461E-05
-4.120E-06
Fig. 17 Horizontal displacements (m) a ANSYS and b PD results at t = 30 µs
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Fig. 18 Temperature change distributions (K) a ANSYS and b PD results at t = 7 µs
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Fig. 19 Temperature change distributions (K) a ANSYS and b PD results at t = 15 µs
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Fig. 20 Temperature change distributions (K) a ANSYS and b PD results at t = 30 µs
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Fig. 21 Damage plots for a uncoupled case, b coupled case and c corresponding temperature change (K) distributions at t = 16 µs
Ordinary state-based peridynamic modelling for fully coupled thermoelastic problems
(a) (b)
(c)
0.000
0.1250
0.2500
0.3750
0.5000
0.6250
0.7500
0.8750
1.000
-2.770
-2.324
-1.877
-1.431
-0.9850
-0.5387
-0.09250
0.3538
0.8000
Fig. 22 Damage plots for a uncoupled case, b coupled case and c corresponding temperature change (K) distributions at t = 28 µs
Figures 18, 19 and 20 present the induced temperature distributions due to applied loading. It is observed
that the peridynamic results agree very well with ANSYS solutions. The temperature distributions along x-axis
propagate almost uniformly in the vertical direction before the thermal wave reaches the crack, as shown in
Fig. 18. After the thermal wave reaches or passes the crack, thermal waves get disturbed by the existence
of the crack. Higher temperature drop is observed near the crack tip as can be seen from Figs. 19 and 20.
This also indicates the stress concentration near the crack tips. Besides, the region near the crack tips is under
tension, indicating a tendency of crack growing in the vertical direction. The crack surfaces experience local
compression. Therefore, temperature rise is observed in these regions as it can be seen from Fig. 20.
After verification of temperature and deformation field for a plate with a pre-existing crack, as a next exam-
ple, crack propagation is allowed. The crack configurations at different time steps are provided in Figs. 21, 22
and 23. Crack propagation patterns are compared with coupled and uncoupled cases. Temperature distributions
at corresponding stages from coupled cases are also provided.
In the early stage, the cracks grow in similar patterns for both simulation cases. Crack starts to propagate
earlier for the uncoupled case (Fig. 21). Cracks both begin to propagate at around 16 µs. Up to 28 µs, the
cracks propagate in a self-similar manner for both coupled and uncoupled cases. Cracks start branching at
around 28 µs (Fig. 22) and split into visible asymmetrical branches (Fig. 23). In addition, the branches for
uncoupled case grow faster than the coupled case.
For coupled case, it is clear that before 16 µs the temperature distribution is the same with the one obtained
from the simulation without crack propagation. However, temperature drops at the crack tips move as the crack
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Fig. 23 Damage plots for a uncoupled case, b coupled case and c corresponding temperature change (K) distributions at t = 30 µs
propagates (Figs. 22c, 23c). The cooling region at the crack tips creates temperature-induced local compression
at these regions. Furthermore, the temperature rise around the crack surfaces creates local tension against the
compression created by the pressure shock loading. In conclusion, the induced temperature change due to
deformation influences the crack growth in the opposite direction against the applied mechanical loading,
leading to a reduced degree of crack propagation response. Hence, different crack pattern from uncoupled
simulation is obtained.
In conclusion, if shock loadings are applied, large strain rates are created, and thus the coupling term should
be considered for more accurate crack propagation predictions.
4.3 Kalthoff problem simulation
Kalthoff and Winkler [57] and Kalthoff [55,58] performed a series of experiments where pre-notched plates
were subjected to dynamic shear loads. In the experiments, a cylindrical projectile impacted on the notched
side of the plate with a constant velocity V0 parallel to the axis of the notch. The pre-existing crack in the
upper half steel plate was observed to grow in an angle of approximately 70◦ counter clockwise with the notch
axis. The failure is in a brittle fracture mode under lower strain rate. These experiments have been successfully
simulated by numerical methods such as phase-field simulation [59], finite element method [60]. In addition,
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Fig. 24 The geometry and boundary conditions for Kalthoff problem
(a) (b)
(c)
0.000
0.1250
0.2500
0.3750
0.5000
0.6250
0.7500
0.8750
1.000
0.000
0.1250
0.2500
0.3750
0.5000
0.6250
0.7500
0.8750
1.000
Fig. 25 Crack evolution at different times, a t = 40 µs; b t = 65 µs; c t = 90 µs
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Fig. 26 Temperature change (K) distributions at different times (displacement scale factor is 3), a t = 40 µs; b t = 65 µs;
c t = 90 µs
Silling [61] and Dipasquale et al. [62] used PD to numerically simulate the Kalthoff problem within the realm
of mechanical field. In this section, a fully coupled thermomechanical simulation is conducted based on the
Kalthoff experiment.
The problem is symmetric so that only the upper half plate is modelled. As shown in Fig. 24, a square plate
is modelled with L = W = 100 mm and its thickness is 1 mm. A pre-existing crack of length being 50 mm
is located above the x-axis with the distance of 25 mm. Due to the symmetric conditions, the lower horizontal
edge of the plate is fixed in the y direction, i.e. u y (x, y = 0, t) = 0. The other boundaries are free. All the
boundaries are thermally insulated. The impact is simulated by imposing a constant velocity to the nodes on
the left surface between the crack and the lower horizontal boundary in the PD model. The velocity is parallel
to the x direction, and its magnitude is
|v0| =
{
(t /t0) v0 t ≤ t0
v0 t > t0
(50)
where |v0| represents the magnitude of the applied velocity with v0 = 16.5 m/s and t0 = 1 µs [59]. The
properties of the elastic material are E = 190 GPa, ρ = 8000 kg/m3, ν = 0.3, cv = 477 J/ (kgK),
α = 17.6 × 10−6 K−1, kT = 16.2 W/ (mK). The critical energy release rate is Gc = 2.213 × 104 J/m2. The
reference temperature is 0 = 285 K. As to the PD discretization, the mesh size is x = 0.0005 m and the
horizon is chosen as δ = 3.015x . The time step size is 0.01 µs, and the total simulation time is 90 µs. The
critical stretch value is calculated as sc = 0.0103.
The crack is observed to propagate at t = 20 µs. The crack evolution at different times is provided in
Fig. 25. The angle between the crack path and the positive x direction is observed to be 68◦, which is close to the
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Fig. 27 Maximum stretch distributions in deformed configurations (displacement scale factor is 3) at different times, a t = 40 µs;
b t = 65 µs; c t = 90 µs
corresponding result of the Kalthoff experiment. Furthermore, the temperature change distribution evolutions
are provided in Fig. 26. The maximum stretch distributions in deformed configurations are presented in Fig. 27.
It can be observed temperature rises near the crack and temperature drops in the crack, which agrees with the
conclusions drawn in the last two simulation cases.
5 Conclusion
In this study, fully coupled thermoelastic equations in ordinary state-based peridynamic theory are provided,
including their non-dimensional forms. To verify the PD model, some benchmark problems are solved by
using both peridynamics and FEM solutions. The good agreement between PD and other methods indicates the
validity of the proposed PD model. Finally, crack propagation patterns are predicted for three-point bending test,
Kalthoff problem and a plate with a pre-existing crack subjected to a pressure load. The following conclusions
are drawn
1. The ordinary state-based fully coupled thermomechanical PD model introduced in this paper is capa-
ble of predicting temperature and displacement responses accurately both for dimensional and for non-
dimensional problems.
2. When shock loadings are applied, the coupling effect on displacements and temperature should be taken
into consideration for more accurate results.
3. The coupling terms do have an effect on crack propagation when shock loadings are applied. Therefore,
fully coupled analysis is necessary in such cases.
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Appendix A
A.1 Ordinary state-based thermal modulus for a material point
The thermal modulus for a material point can be obtained by using the PD local thermal modulus formulation
provided in Eq. (21) as follows:
When small deformation approximation is adopted, 
 provided in Eq. (9) results in 
 = 1. Consequently,
the integration term in Eq. (21) becomes ∫
Hx

dV ′ = VHx (A.1)
with VHx representing the integration volume.
For 2D problems, the integration domain is a circle disc with its radius, δ, and thickness, h. On the other
hand, the integration domain for 3D problems is a sphere; thus, the volume in Eq. (A.1) can be calculated as
VHx = πhδ2 for 2D (A.2a)
VHx =
4πδ3
3
for 3D (A.2b)
An average value of relative position can also be evaluated by using weighted integration as
|ξ|avg =
∫
Hx
|ξ| dV ′
∫
Hx
dV ′
=
2π∫
0
δ∫
0
|ξ| h |ξ| d |ξ| dϑ
VHx
=
2πhδ3/3
πhδ2
=
2δ
3
for 2D (A.3a)
|ξ|avg =
∫
Hx
|ξ| dV ′
∫
Hx
dV ′
=
δ∫
0
2π∫
0
π∫
0
|ξ| |ξ|2 sin (φ) dφdϑd |ξ|
VHx
=
πδ4
4πδ3/3
=
3δ
4
for 3D (A.3b)
with ξ = x′ − x (Fig. 1). In Eq. (A.3) ϑ represents the bond angle with respect to x-axis and φ represents the
bond angle with respect to the x-y plane for 3D case
Recalling the classical material constants
Kθ =
E
2 (1 − ν)
, μ =
E
2 (1 + ν)
for 2D (A.4a)
Kθ =
E
3 (1 − 2ν)
, μ =
E
2 (1 + ν)
for 3D (A.4b)
Finally, by substituting Eqs. (A.2), (A.3) and Eq. (A.4) into (18), average PD thermal modulus for a material
point can be calculated as
β¯ =
3Eα
πhδ3 (1 − ν)
for 2D (A.5a)
β¯ =
3Eα
πδ4 (1 − 2ν)
for 3D (A.5b)
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PD thermal modulus for ordinary state-based form reduces to bond-based form by plugging in ν = 1/3 for
2D and ν = 1/4 for 3D in Eq. (A.5) [43] as
βb =
cα
2
(A.6a)
with
c =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
2E
Aδ2 for 1D
9E
πhδ3 for 2D with ν =
1
3
12E
πδ4
for 3D with ν = 14
(A.6b)
As it can be seen from the above formulations, bond-based PD has a limitation on Poisson’s ratio [48].
A.2 Bond-based PD form of thermomechanical equations
Equation of motion
In bond-based PD by applying the restriction a = 0 in Chapter 4 of [49], the PD auxiliary parameters A
and B provided in Eqs. (4) and (5) become
A = 4δb (s − αT ) (A.7a)
B = 4δb
(
s − αT ′
) (A.7b)
Corresponding PD force functions provided in Eqs. (2) and (3) become
t
(
u′ − u, x′ − x, t
)
= 2δb (s − αT )
y′ − y
|y′ − y|
(A.8a)
t′
(
u − u′, x − x′, t
)
= −2δb
(
s − αT ′
) y′ − y
|y′ − y|
(A.8b)
By enforcing Eqs. (A.8a) and (A.8b) to be equal to each other as
t
(
u′ − u, x′ − x, t
)
= 2δb
(
s − α
(
T + T ′
)
2
)
y′ − y
|y′ − y|
(A.9a)
t′
(
u − u′, x − x′, t
)
= −2δb
(
s − α
(
T + T ′
)
2
)
y′ − y
|y′ − y|
(A.9b)
which results in t = −t′. By plugging in Eqs. (A.9a) and (A.9b) into Eq. (1), the equation of motion
becomes [43]
ρu¨(x, t) =
∫
Hx
(
4δbs − 2bδα
(
T + T ′
)) ( y′ − y
|y′ − y|
)
dV ′ + b (x, t) (A.10a)
or
ρu¨(x, t) =
∫
Hx
(
cs − βb
(
T + T ′
)) ( y′ − y
|y′ − y|
)
dV ′ + b (x, t) (A.10b)
with bond-based thermal modulus as
βb = 2bα (A.10c)
or
βb =
cα
2
(A.10d)
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with c expressed in Eq.(A.6b).
Heat equation
The form of heat equation in bond-based peridynamics remains the same as Eq. (12) [43]
ρcvT˙ (x, t) =
∫
Hx
(
κ

(
x′, t
)
−(x, t)
|x′ − x|
−0βbe˙
(
x′ − x
))
dV ′ + hs (x, t) (A.11a)
with bond-based thermal modulus provided in Eq. (A.10)
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